We evaluate exclusive semileptonic decays of ground-state spin-1/2 and spin-3/2 doubly heavy cb baryons driven by a c → s, d transition at the quark level. We check our results for the form factors against heavy quark spin symmetry constraints obtained in the limit of very large heavy quark masses and near zero recoil. Based on those constraints we make model independent, though approximate, predictions for ratios of decay widths.
I. INTRODUCTION
In this work we make a systematic analysis of exclusive semileptonic c → s, d decays of doubly heavy ground state cb baryons. Previous studies are very limited and, to our knowledge, they only include the work in Ref. [1] where the Ξ ′ cb → Ξ b decay was analyzed using heavy quark spin symmetry, the relativistic three quark model calculation of the Ξ cb → Ξ ′ b decay in Ref. [2] , and the combined branching ratio for the (Ξ cb → Ξ b ) + (Ξ cb → Ξ ′ b ) + (Ξ cb → Ξ * b ) decay evaluated in Ref. [3] in the framework of the potential approach and QCD sum rules 1 . Since the modulus of the Cabbibo-Kobayashi-Maskawa (CKM) matrix elements |V cs |, |V cd | are much larger than |V cb |, one would expect the decay widths for c → s, d semileptonic decay of cb baryons to be much larger than the corresponding b → c driven decays which have been more extensively studied in the literature [1, [4] [5] [6] [7] [8] . However, this is corrected by a smaller available phase space, and the decay widths for c → s transitions turn out to be larger but of the same order of magnitude as the b → c decay widths, while widths for c → d transitions are much smaller. In any case, the analysis of the c → s, d decays of cb baryons could give relevant information on heavy quark physics complementary to the one obtained from the study of the b → c decays.
Similar to what happens in atomic physics, in hadrons with a single heavy quark the dynamics of the light degrees of freedom becomes independent of the heavy quark flavor and spin when the mass of the heavy quark is much larger than Λ QCD and the masses and momenta of the light quarks. This is the essence of heavy quark symmetry (HQS) [9] [10] [11] [12] . HQS guaranties that in a heavy baryon the light degrees of freedom quantum numbers are well defined. Then, up to corrections in the inverse of the heavy quark mass, one can take the spin of the two light quarks to be well defined. The two light quarks couple to a state with spin S =0 or 1 and then couple with the b quark to total spin 1/2 or 3/2. This is the classification scheme followed for the b heavy baryons in Table I . However, HQS can not be applied to hadrons containing two heavy quarks. There, the kinetic energy term needed to regulate infrared divergences breaks the heavy quark flavor symmetry, but not the spin symmetry for each heavy quark flavor [13] . This is known as heavy quark spin symmetry (HQSS). According to HQSS [14] , for large heavy quark masses one can select the heavy quark subsystem of a doubly heavy baryon to have a well defined total spin. Again this is the classification scheme followed for cb states shown in Table I . There, the c and b quark couple to a state with spin S =0 or 1 and then couple with the light quark to total spin 1/2 or 3/2. Being the heavy quark masses finite, one has that for spin-1/2 baryons the hyperfine interaction can admix both S =0 and S=1 components into the wave function of physical states. As shown in Sec. II this is very relevant for spin-1/2 cb baryons. In principle one should also expect some degree of mixing for the Ξ b and Ξ ′ b states. However, in this latter case the hyperfine matrix elements responsible for mixing are proportional to the inverse of the b quark mass and mixing effects are thus suppressed.
In Table I we present the baryons involved in the present study. As mention the Ξ cb , Ξ ′ cb and Ω cb , Ω ′ cb are not the physical states that will be discussed in the following. The quark model masses in Table I have been taken from our previous works in Refs. [8, 15] , where they were obtained using the AL1 potential of Refs. [16, 17] . Experimental masses are the ones given by the particle data group (PDG) in Ref. [18] and in the table we quote the average over the different charge states. The agreement with our results is better than 1%. For the actual calculation of the decay widths we shall use experimental masses taken from Ref. [18] whenever possible. For the neutral Σ * 0 b state we follow Ref. [19] and take M Σ * 0
). For the Σ 0 b case, corrections to the analogous relation, due to the electromagnetic interaction between the two light quarks in the heavy baryon, have been evaluated in Ref. [20] using heavy quark effective theory and in Ref. [21] in chiral perturbation theory to leading one-loop order. Based on the known experimental data they get M Σ 0 b = 5810.5 ± 2.2 MeV [20] and M Σ 0 b = 5810.3 ± 1.9 MeV [21] , their central values being 1 MeV lower than the value one would obtain from the less accurate relation
). Here we shall use the value M Σ 0 b = 5810.5 MeV given in Ref. [20] . For the Ξ ′ b , Ξ * b , Ω * b we take our predictions in Ref. [15] which are in agreement with lattice results by the UKQCD Collaboration [22] . For doubly heavy cb baryons baryons there is no experimental information on their masses and we shall use our own predictions in Ref. [8] .
The paper is organized as follows: in Sec II we discuss the physical spin-1/2 cb baryons and the relevance of hyperfine mixing for those states. In Sec. III we give general formulae needed to compute the semileptonic decay width, we present the form factor decompositions that we use for the different transitions and we present and discuss our predictions for the c → s, d decay widths. In Sec. IV we obtain HQSS constraints for the form factors and make predictions for ratios of decay widths based on those constraints. Finally in Sect. V, we summarize the main results of this work. The paper contains also two appendices. In appendix A we present our nonrelativistic baryon states, while in appendix B we give details on how we evaluate the transition matrix elements and form factors. TABLE I . Quantum numbers of baryons involved in this study. For the cb baryons, states with a well defined spin for the heavy subsystem are shown. J π and I are the spin-parity and isospin of the baryon, while S π is the spin-parity of the two heavy or the two light quark subsystem. n denotes a u or d quark. Experimental masses are isospin averaged over the values reported by the PDG [18] .
II. CONFIGURATION MIXING IN cb DOUBLY HEAVY BARYONS
Due to the finite value of the heavy quark masses, the hyperfine interaction between the light quark and any of the heavy quarks can admix both S=0 and 1 components into the wave function for total spin-1/2 states. Thus, the actual physical spin-1/2 cb baryons are admixtures of the Ξ cb , Ξ ′ cb (Ω cb , Ω ′ cb ) states listed in Table I . The physical states, that we shall call Ξ (1) cb , Ξ (2) cb and Ω (1) cb , Ω (2) cb , are given within the AL1 model by [8] 
Comparing the masses of the physical states with the mass values quoted in Table I , one sees that masses are not very sensitive to hyperfine mixing. On the other hand, it was pointed out by Roberts and Pervin [23] that hyperfine mixing could greatly affect the decay widths of doubly heavy cb baryons. This assertion was checked in Ref. [6] where Roberts and Pervin found that hyperfine mixing in the cb states has a tremendous impact on doubly heavy baryon b → c semileptonic decay widths. These results were qualitatively confirmed by our own calculation in Ref. [8] . We further investigated the role of hyperfine mixing in electromagnetic transitions [24] finding again large corrections to the decay widths. A similar study was conducted by Branz et al. in Ref. [25] . We expect configuration mixing should also play an important role for c → s, d semileptonic decay of cb baryons. One way of minimizing the hyperfine mixing for cb baryons is to use from the start baryon states in which the c quark and the lightuark couple to a state of well defined spin S cq = 0 or 1. Then the b quark couples to that state to make the baryon with total spin 1/2. We denote those states as Ξ cb , Ω cb for S cq = 1, and Ξ ′ cb , Ω ′ cb for S cq = 0.
2 Note that, here we use the order cb, while in [8] , we used bc. Thus our Ξ ′ cb and Ω ′ cb states, where the heavy quark subsystem is coupled to zero, differ in one sign with those used in [8] .
The relation between the latter set of states and the ones in Table I is given by (here B stands for Ξ or Ω)
Hyperfine mixing for the B cb , B ′ cb states is much less important since it is inversely proportional to the b quark mass [8] . Physical spin-1/2 cb baryons states should then be very close to the B cb , B ′ cb states and this is indeed the case. If we write
we find θ Ξ = −4.46 o , θ Ω = −4.07 o for the AL1 interquark interaction [8] .
III. SEMILEPTONIC DECAY WIDTHS
A. General formulae
The total decay width for semileptonic c → l transitions, with l = s, d, is given by
where |V cl | is the modulus of the corresponding CKM matrix element for a semileptonic c → l decay (|V cs | = 0.97345 and |V cd | = 0.2252 [18] ), G F = 1.16637(1) × 10 −11 MeV −2 [18] is the Fermi decay constant, P, M (P ′ , M ′ ) are the four-momentum and mass of the initial (final) baryon, q = P − P ′ and ω is the product of the initial and final baryon
In the decay, ω ranges from ω = 1, corresponding to zero recoil of the final baryon, to a maximum value that, neglecting the neutrino mass, is given by
, which depends on the transition and where m is the final charged lepton mass. Finally L αβ (q) is the leptonic tensor after integrating in the lepton momenta. It can be cast as
where explicit expressions for the scalar functions A(q 2 ) and B(q 2 ) can be found in Eqs. (3) and (4) of Ref. [26] . The hadron tensor H αβ (P, P ′ ) is given by
with J the initial baryon spin, B, r P B ′ , r ′ P ′ the initial (final) baryon state with three-momentum P ( P ′ ) and spin third component r (r ′ ) in its center of mass frame 3 . Our states are constructed in appendix A. Finally, For the actual calculation of the decay width we parametrize the hadronic matrix elements in terms of form factors, which are functions of ω or equivalently of q 2 . The different form factor decomposition that we use are given in the following. 3 Baryonic states are normalized such that
with E the baryon energy for three-momentum P .
1. 1/2 → 1/2 transitions. Here we take the commonly used decomposition in terms of three vector F 1 , F 2 , F 3 and three axial G 1 , G 2 , G 3 form factors
The u r are Dirac spinors normalized as (u r ′ ) † u r = 2E δ rr ′ .
2. 1/2 → 3/2 transitions. In this case we follow Llewellyn Smith [27] to write
Here u B ′ λ r ′ is the Rarita-Schwinger spinor of the final spin 3/2 baryon normalized such that (u 
Similar to the case before we use
Again, and within our model, we shall have that C
A form factor decomposition for 3/2 → 3/2 can be found in Ref. [7] where a total of 7 vector plus 7 axial form factors are needed. In this case we do not evaluate the form factors but work directly with the vector and axial matrix elements.
In appendix B we give the expressions that relate the form factors to weak current matrix elements and show how the latter ones are evaluated in the model. Relations found between matrix elements that simplify the calculation are also shown there.
C. Results
The results we obtain for the semileptonic decay widths of cb baryons are presented in Tables II (c → s decays) and III (c → d decays). We show between parentheses the results obtained ignoring configuration mixing in the spin-1/2 cb initial baryons. In this latter case, the Ξ
cb baryons should be interpreted respectively as the Ξ ′ cb , Ξ cb states of Table I . We see small changes for transitions to final states where the two light quarks couple to spin 0. On the other hand, configuration mixing effects are very important for transitions to final states where the two light quarks couple to spin 1, where we find enhancements or reductions as large as a factor of 2.
Note also that, even though |V cs | 2 , |V cd | 2 ≫ |V cb | 2 , the values we get for the decay widths are of the same order of magnitude to what we obtained for b → c transitions in Ref. [8] . In the present case, the greater value of the CKM matrix elements are compensated by a smaller phase space. The result with a † corresponds to the decay of the Ξ cb state. The result with an * is our estimate from the total decay width and the branching ratio given in [3] . Similar results are obtained for decays into µ + νµ. In the left panel of Table II we compare our results to the few available results obtained by other groups (we have not found in the literature any previous result for c → d decays to compare with our predictions in Table III ). Our estimate, without configuration mixing, for the Ξ (1) cb → Ξ b transition agrees very well with the one obtained in Ref. [1] . For the Ξ
b transition we are also in agreement with the calculation in Ref. [2] . There, the authors use the Ξ cb baryon which is almost equal to our physical state Ξ (1) cb . We also see that our result for the combined decay (Ξ
) is in reasonable agreement with the one predicted in Ref. [3] . This combined decay width is not very sensitive to configuration mixing effects.
Besides the results shown in Tables II and III, we have from isospin symmetry that
The sources of uncertainties in the present calculation are the same as the ones we discussed for the c → s, d decays of cc baryons in Ref. [26] . First, the use of different interquark potentials, like the AP1 [16, 17] and Bhaduri [28] potentials, to evaluate the wave functions could change the decay widths at the level of 10 %. This can be considered as part of the uncertainties inherent to our model. Besides, one has the possible contribution of intermediate D * and D * s vector meson exchanges [29, 30] . This mechanisms are not considered in our calculation neither have they been taken into account in the previous ones of Refs. [1] [2] [3] . We expect such exchanges to produce small effects as the D * and D * s poles are located far from q 2 max . In any case, with the intermediate vector mesons being far off-shell, the computation of their effects will be complicated due to the unknown strength of their couplings with the singly and doubly heavy baryons, and the lack of a reasonable scheme to model how the latter interactions are suppressed when q 2 approaches the endpoint of the available phase-space (q 2 = 0). Another important source of uncertainties is our lack of knowledge of the actual masses of the cb baryons. For instance, a reduction of 70 MeV in the Ω * cb mass (a mere 1% reduction) makes de Ω * cb → Ω ′ b decay width smaller by some 25%. Precise decay widths predictions should await for a precise mass knowledge of cb baryons.
IV. HEAVY QUARK SPIN SYMMETRY
In this section we use HQSS to derive model independent, though approximate, relations between different form factors and decay widths. Thi is similar to what we did for b → c decays of cb baryons in Ref. [5] or more recently for b → c transitions of triply heavy baryons in Ref. [31] .
The consequences of spin symmetry for weak matrix elements can be derived using the "trace formalism" [32, 33] . To represent the lowest-lying S-wave cb baryons we will use wave-functions made of tensor products of Dirac matrices and spinors, namely [34] :
where we have indicated Dirac indices α, β and γ explicitly on the right-hand side and r is a helicity label for the baryon. These wave functions describe states 4 where the c quark and the light quark couple to definite spin 0 ( B 
with U = u,
On the other hand, the final b baryons are represented by the following spinor wave
where here the states are normalized to −2M ′ . In this case we have that
The semileptonic decays are driven by the current J µ =lγ µ (1 − γ 5 )c, with l = d, s. Under a c quark spin rotation, it transforms as J µ → J µ S † c . Thus, the only possible amplitude that it is invariant under separate bottom and charm quark spin rotations is of the formŪ
where Ω is one of the two following functions, depending on whether the spin of the light degrees of freedom in the final baryon (S ′ light ) is 0 or 1
Terms in / v are not included since
We are interested in the transition matrix elements close to zero recoil where we have that
Besides we have the exact relations
Taking into account all this, we can obtain approximate expressions for the hadronic matrix elements that are valid near the zero recoil point. Apart from global phases we get the following results:
where we have introduced η = −2(η 1 − η 2 ). This is a function that depends only on ω, and it is the analog of the Isgur-Wise function firstly introduced in the context of b → c semileptonic meson decays [33] .
We see that near the zero recoil point, HQSS considerably reduces the number of independent form factors. In fact we find that for ω = 1,
from where one can conclude that at ω = 1
which in this case implies that at ω = 1
The η Isgur-Wise function is different for different light quark configurations in the final state and depends also on whether the initial light quark is an n = u, d quark or a s quark. However, SU (3) flavor symmetry could be used to establish relations between all of them. Besides η would be normalized to 1 at zero recoil (η(1) = 1) in the equal mass case. In the actual calculation deviations from this limiting value are expected due to the mismatch of the initial and final baryons wave functions.
•
where we have defined β = −2(β 1 − β 2 ), which is the Isgur-Wise function in this case. For ω = 1 one would then obtain that
that for ω = 1 implies that
from where at ω = 1
and thus at ω = 1 we have
One obtains in this case that at ω = 1 •
which implies for instance that the V 0 vector matrix element should be equal to −β at ω = 1 when evaluated in between states with the same spin projection.
As for the η function above, the β Isgur-Wise function is different for different light quark configurations in the final state and depends also on whether the initial light quark is an n = u, d quark or a s quark. Besides, if the quarks involved in the weak decay had equal mass one would have that β(1) = 1 when the two light quarks in the final baryon
. Again, in the actual calculation deviations from these limiting values are expected due to the mismatch of the initial and final baryon wave functions.
In Figs. 1 and 2 we check that our calculation respects the constraints on the form factors deduced from HQSS. For that purpose we have assumed the B cb , B ′ cb states have masses equal to that of the physical ones B
(1) cb , B (2) cb . One sees deviations, due to corrections in the inverse of the heavy quark masses, at the 10% level near zero recoil. In fact the constraints are satisfied to that level of accuracy over the whole ω range accessible in the decays. We found similar deviations in our recent study of the c → s, d decays of double charmed baryons in Ref. [26] , where we explicitly showed these discrepancies tend to disappear when the mass of the heavy quark is made arbitrarily large. One also sees that at our results for η(1), β(1) are systematically smaller than would be expected if the quarks participating in the transition had equal masses. This reduced value is due to the mismatch in the wave functions due to the different masses of the initial (c) and final (d or s) quarks involved in the transition.
The results of Figs. 1 and 2 show HQSS is then a useful tool to understand the dynamics of the c → s, d decays of cb baryons, as it was also the case for their CKM suppressed b → c decays [5, 8] . We take advantage of this fact and we now use the HQSS approximate hadronic amplitudes in Eqs. (23), (25) , (27) , (29), (31) , (33) , (35) 
HQSS amplitudes and the leptonic tensor in Eq.(6) we obtain that near zero recoil
We can now follow our work in Ref [5] and, near zero recoil, take ω ≈ 1 and, because v ′ ≈ v, also approximate 
Differential decay widths for the specified transitions.
Besides, for a light lepton e or µ we have that B ≈ −A near zero recoil. Using those approximations and denoting by X the quantity in Eq.(49) we arrive at following approximate results valid near zero recoil
Can one extrapolate the above expressions over the whole ω range available in a given transition? In fact B ≈ −A to a very high degree (better than one percent) practically in the whole ω range accessible in these decays. On the other hand one has that 
Assuming that the states B cb , B ′ cb have the same masses as the physical states B
(1)
cb we get the following numerical results (we give Γ = Γ 10 −14 GeV )
We find our results agree in most of the cases at the level of 10% with some notable exceptions in Eqs. (65), (66), (67) and (68). These latter discrepancies are largely due, not to the the use of the approximate HQSS inspired relations in Eqs. (50) - (58), but to the fact that the different baryons that appear in the relations do not have the same mass, and therefore the available phase space is different for each transition. For instance if we just make the masses of Ξ * cb , Ξ cb equal to the Ξ 
or in the Ω sector, with similar changes in the masses,
The agreement improves considerably. Then, the HQSS derived relations are appropriate to evaluate the hadronic amplitudes but the final results may be very sensitive on actual mass values.
Thus, mass differences and the variations induced by them in the available phase space can not be neglected. Besides the physical states B (1) cb , B (2) cb are not exactly equal to the B cb , B ′ cb states and this could also affect some of the decay widths. In what follows we give the corresponding numbers for the physical states.
Most of the relations are satisfied at the 10% level with a few notable exceptions that involve the decay widths for the Ξ
transitions.
V. SUMMARY
We have made a systematic study of semileptonic decays of cb ground-state doubly heavy baryons driven by c → s, d transitions at the quark level. We have employed a simple constituent quark model scheme, which benefits from the important simplifications in the solution of the non-relativistic three body problem that stem from the application of HQSS [15, 35] . Despite the modulus of CKM matrix elements |V cs |, |V cd | are much larger than |V cb |, the smaller available phase space leads to c → s decay widths that turn out to be larger but of the same order of magnitude as the b → c driven processes, while widths for c → d transitions are much smaller.
As for b → c semileptonic [6, 8] and electromagnetic [24, 25] decays, here also hyperfine mixing effects have a tremendous impact on c → s, d semileptonic decays of spin-1/2 cb baryons. We find factors of 2 corrections in many cases due to mixing.
We have derived for the first time HQSS relations for the hadronic amplitudes. By requiring invariance under separate bottom and charm quark spin rotations, we have obtained constraints on the form factors that enormously simplify the description of these decays. Though, these relations are strictly valid in the limit of very large heavy quark masses and near zero recoil, they turn out to be reasonable accurate for the whole available phase space in these decays. Indeed, we find our calculation is consistent with HQSS and only deviations at the 10% level are observed due to the actual, finite, heavy quark masses. With the use of the HQSS relations and assuming
, we have made model independent, though approximate, predictions for ratios of decay widths. Our values for those ratios agree with the HQSS motivated predictions at the level of 10% in most of the cases. We expect those predictions to hold to that level of accuracy in other approaches. We construct our nonrelativistic states as follows
The factor √ 2E is introduced for convenience in order to have the proper normalization. We denote by α j the spin (s), flavor (f ) and color (c) quantum numbers ( α ≡ (s, f, c) ) of the j−th quark with (E fj , p j ) and m fj its fourmomentum and mass, and M = m f1 + m f2 + m f3 . Individual quark states are normalized such that
is the internal wave function in momentum space, being Q 1 ( Q 2 ) the conjugate momenta to the relative position r 1 ( r 2 ) between quark 1 (2) and the third quark. In the transitions under study an initial c b l ′ baryon decays into a final l l ′ b one, where l = d, s and l ′ = u, d, s. We construct the wave functions such that the c and b quarks in the initial baryon are quarks 1 and 2 respectively. Also in the final baryon the two light quarks l and l ′ are respectively quarks 1 and 2. Expressions for the different ψ (B,r) α1 α2 α3 ( Q 1 , Q 2 ) are given below. These wave functions are normalized as
For the final states we use wave functions that are antisymmetric under the exchange of quarks 1 and 2 quantum numbers. In order for our nonrelativistic baryon states to have the proper normalization
we need to introduce in Eq. (A1) a symmetry factor S B = 1 √ 2 for those states. For the initial states S B = 1. The wave functions for cb states where the spin of the heavy quark subsystem is well defined are given by
where ε c1c2c3 is the totally antisymmetric tensor with
being the fully antisymmetric color wave function. The (j 1 , j 2 , j; m 1 , m 2 , m) are SU(2) Clebsch-Gordan coefficients. The differentφ( Q 1 , Q 2 ) wave functions have total orbital angular momentum 0 being invariant under rotations and thus depending only on | Q 1 |, | Q 2 | and Q 1 · Q 2 . They are normalized such that
The corresponding Ξ cb ( Q 1 , Q 2 ) ones, and always using δ f3 s . For b-heavy baryons we further have
Here, besides the properties above, the relation φ sn ( Q 1 , Q 2 ) = φ ns ( Q 2 , Q 1 ), with n = u, d, also applies. The wave functions for the other members of the different isospin multiplets are obtained from those given above by implementing obvious substitutions. The momentum space wave functions are the Fourier transform of the corresponding wave functions in coordinate space,
We use a HQSS constrained variational approach to deal with the underlying three body problem and to obtain the spatial wave functions. For the latter we consider they only depend on the three interquark relative distances r 1 , r 2 and r 12 = | r 1 − r 2 |. This amounts to assume that the total orbital angular momentum of the baryon is zero. However, this does not imply that the individual orbital angular momenta (l 13 and l 23 ) of the (13) and (23) pairs is zero, though both l 13 and l 23 should take a common value l, since l 13 and l 23 must be coupled to a total S-wave. Indeed, the wave functions φ( r 1 , r 2 ) can be decomposed as a sum of a large number of contributions or multipoles for different values of l = 0, 1, 2, 3.... More details, for the case of singly and doubly heavy baryons can be found in Refs. [15, 35] , respectively. As already mentioned the two baryons states Ξ cb , Ξ ′ cb differ just in the spin of the heavy degrees of freedom, and thus they mix under the effect of the hyperfine interaction between the light quark and any of the heavy quarks. The same happens for the Ω cb , Ω Taking the initial baryon at rest and q in the positive Z direction we define vector and axial matrix elements
that in our model are given as
(1/2, 1/2, S; s 1 , s 2 , s 1 + s 2 )(S, 1/2, J; s 1 + s 2 , r − s 1 − s 2 , r) where J, S (J ′ , S ′ ) are the total spin and the spin of the two first quarks for the initial (final ) baryon. F is a flavor factor that depends on the transitions and which values are collected in Table IV . Here we have a c → l transition at the quark level, while l ′ is the light quark originally present in the initial baryon. When the final baryon has just one s quark thenφ Relations between different matrix elements can be found by performing the spin sums in Eq. (B2). For that purpose the following results, that we obtain for q in the positive Z direction, are very useful
The fact that the orbital wave functions are invariant under rotations implies that the integrals of the form
where
is a function of | Q 1 − q | and | Q 1 |, are tensors under rotations and are thus given by
As a result we have that I 1 ( q ) = I 2 ( q ) = 0, I 11 ( q ) = I 22 ( q ) and I jk ( q ) = 0 unless j = k. With all this in mind, one can see that all spin sums that appear in the evaluation of the different matrix elements correspond to one of the following cases
(1/2, 1/2, S; s 1 , s 2 , s 1 + s 2 )(S, 1/2, J; s 1 + s 2 , r − s 1 − s 2 , r) δ r r ′ δ s1 1/2 − δ s1 −1/2 In terms of matrix elements, the different form factors for the 1/2 → 1/2, 1/2 → 3/2 and 3/2 → 1/2 can be evaluated as 1. 1/2 → 1/2 transitions
(B14)
2. 1/2 → 3/2 transitions. 
As mentioned we do not use a form factor decomposition for the 3/2 → 3/2 transitions but work directly with the matrix elements. For 3/2 → 3/2 transitions, and apart from the relations in Eq. (B13), we further obtain that where V and A stand for reduced matrix elements.
In every case we just need to evaluate three different vector and three different axial matrix elements that we take to be V 
